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FINITE-DIFFERENCE THEORY FOR SOUND PROPAGATION IN A LINED DUCT
WITH UNIFORM FLOW USING THE WAVE ENVELOPE CONCEPT
by Kenneth J. Baumeister

Lewis Research Center

SUMMARY

The finite-difference equations are derived for sound propagation in a two-
dimensional, straight, soft-wall duct with a uniform flow by using the wave envelope
concept. This concept involves a transformation of the wave equation into a form whose
solution does not oscillate in the axial direction. This transformation reduces the re-
quired number of finite-difference grid points by one to two orders of magnitude. In
this report, the governing acoustic-difference equations in complex notation are derived.
Also, a new exit condition is developed that allows a duct of finite length to simulate the
wave propagation in an infinitely long duct. Sample calculations are presented for a
plane wave incident upon the acoustic liner. They show the numerical theory to be in
good agreement with closed-form analytical theory. Also, complete pressure and ve-
locity printouts are given to some sample problems and can be used to debug and check
future computer programs.

INTRODUCTION

Finite-difference techniques are now being considered for application in complex
situations involving sound propagation in ducts with axial variations in Mach number and
impedance, as well as variations in duct geometry. Before these more complex prob-
lems are attempted, the finite-difference theory is applied to the simpler problems of
noise propagation in ducts without flow and with steady uniform flow.

In the absence of flow, numerical theories were successfully applied to straight
ducts (refs. 1 to 4), variable-area ducts (ref. 5), and ducts with variations in the wall
impedance (refs. 6 and 7). Most recently, numerical techniques were applied to noise
propagation in turbofan variable-area inlets with hard walls (ref. 8). Reference 3 de-
veloped the difference equations for noise propagation in an acoustically lined duct with
uniform mean flow. Results were presented for a soft-wall duct in the absence of graz-



ing flow and for a hard-wall duct with grazing flow. However, reference 3 did not pre-
sent any results for a soft-wall duct with mean flow because the soft-wall difference
equations had not been completely programmed and debugged when reference 3 was pre-
sented.

For long ducts with relatively large attenuations, the theory and equations developed
in reference 3 to simulate an infinite duct appear to be valid, based on a comparison of
the finite-difference theory of reference 3 with the closed-form analytical solution of
reference 9 (table XII). However, for short ducts with a length-height ratio less than 1,
the numerical and analytical solutions were not in agreement. The transverse acoustic
velocity calculated from the wall impedance condition was not equal to the same velocity
calculated from the momentum equation. A large difference existed even though the two
approaches should have yielded the same velocity at the wall. A number of possible
causes were investigated, with the result that this problem finally was traced to the exit
difference equation presented in reference 3. This report seeks to resolve the problem
by deriving the exit condition that is valid for all duct length-height ratios.

For long ducts or high-frequency sound propagation, many grid points are necessary
for a proper numerical simulation. The large number of grid points necessitates large
computer storage and long execution time. To determine the optimum liner impedance,
many duct calculations are usually required in a search for the impedance that gives the
highest duct attenuation. This considerably extends the computer running time. A wave
envelope concept was developed (ref. 6) that greatly reduced the computer running time
and storage requirements.

In this report the wave envelope concept is applied to the case of uniform flow in
lined ducts. The wave envelope concept was first developed in references 4 and 6 for
noise propagation in ducts in the absence of flow. Kaiser and Nayfeh (ref. 10) later ex-
tended this technique to include wave propagation in variable-area ducts, again in the
absence of flow.

The wave envelope concept attempts to remove most (if not all) of the axially oscil-
latory part of the wave pressure profile and thereby to reduce the number of grid points
required for a finite-difference solution. Rather than determining the actual pressure,
the wave envelope concept transforms the governing equations such that they describe
the envelope of the pressure. The number of grid points can be reduced by one order of
magnitude. Reduction of grid points by two orders of magnitude is possible for problems
with large duct length-height ratios and high frequencies.

The derivation for the complete set of difference equations in complex notation is
presented, as well as many of the details in the matrix solution. The complex form of
the difference equations is simpler to program than the real form used in reference 3.
These details are included so that the numerical techniques can be conveniently pro-
grammed. Sample calculations are presented, and complete pressure and velocity print-
outs are given to some sample problems that can be used to debug and check computer
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programs. The limitations of the theory are also discussed.

GOVERNING EQUATION AND BOUNDARY CONDITION

The propagation of sound in a duct is described by a solution of the continuity and
momentum equations with the appropriate impedance boundary conditions. In this sec-
tion, the basic governing equations and boundary conditions for a two-dimensional rec-
tangular duct are presented. In the next section, the difference form of these equations
is developed.

Continuity and Momentum Equations

The linearized equations for mass and momentum conservation can be written for
a Cartesian coordinate system in the following form:

Continuity:
%k
OB%  ux OB, p6c62 (@. + ﬂf) =0 (1)
ot* ox* ox*  oy*
Axial (x) momentum:
L3 * %k
2‘.1_+U*a_u_=—i*———ap (2)
ot* ox* Po ox*
Transverse (y) momentur:
* *
ov* | pxovE__ 1 9p* (3)
ot* ox* pg ov*

where an asterisk denotes dimensional quantities. The assumptions involved in the der-
ivations of equations (1) to (3) are given in reference 11, for example. (All symbols
are defined in appendix A.)

As customary for steady state, the solutions for the dependent pressures and ve-
locities are assumed to be of the form

i *
PX(x*, 7%, t¥) = P'(x*, y¥)e'® "t (4)



wE(x*, y*, tF) = ut(x*, y*)eiw*t* (5)

VE(x*, y¥, t*) = vi(x*, y*)eiw*t* (6)
where a prime denotes dimensional quantities with the time-dependency removed). The

final solution will be represented by the real parts of the preceding quantities. Substi-
tuting equations (4) to (6) into equations (1) to (3) and introducing the dimensionless pa-

rameters
P'
= (7)
A
* *
paw*H* ppw¥*H*
u = 0* u'; V= O* v M= (8)
* *
T Vm ®

yield the dimensionless steady-state conservation equations

p_<.ﬁ’1_>£__i_<ﬂl+ﬂ>=o (10)
woi P, iM 2u (11)

X 2w OX
v=i .@—E + .il_v'[_ ﬂ.’. (12)

oy 2mnp ox

_ w* H* _ PFHF (13)

The dimensionless height y ranges between 0 and 1, and the dimensionless length x
between 0 and the dimensionless duct length L*/H*.




Wave Equation

Equations (10) to (12) yield the dimensionless wave equation for uniform flow:

2 2
1 - MR L P (00n)2P - 14 28 - (14)
aXZ ayZ ox

Equation (14) in difference form could be solved to determine the pressure in the duct.
In the exponential notation displayed in equations (4) to (6), the dimensionless pres-
sure and velocities in general have both real and imaginary parts. Thus,

P(x,y) = PW(x, ) + iP@(x, y) (15)
ux, y) = (g, y) + 1®ix, y) (16)
vix,y) = vz, 3) + iv®(x, y) (17)

Therefore, each term in the wave equation (eq. (14)) is complex and requires special
consideration in obtaining a solution.

Wave Envelope Concept

To remove most (if not all) of the axially oscillatory part of the wave pressure pro-
file, the pressure P is transformed into a new variable p that changes slowly in the
axial direction. This new pressure p is defined as

P(x,y) = px, y)el 127/ N p(x,y)e

[-I27n" /(1+M) x (18)
where P is the acoustic pressure and p the pressure of the wave envelope. The real
parts of P and p are shown in figure 1. The effective axial wavelength parameter At
is the wavelength of the oscillation in the soft-wall duct represented by figure 1. The
wave envelope frequency parameter TI+ is the effective frequency of this pressure wave
and is related to At as

2t 1+ M

(19)
+
7



This relationship was assumed because in a hard-wall duct, X*', Mach number M, and
t oare exactly related as in equation (19) for plane-wave propagation.

In a soft-wall duct with sound propagating at a frequency of 7, the effective fre-
quency n+, which would remove the oscillation according to equation (18), is not known.
However, work performed in references 4 and 6 indicates that 17+ can be approximated
by n. Therefore, in most problems, 77+ will be chosen equal to 7. However, since
this may not always be the case, 77+ is not set equal to n; rather, it is carried along in

n

general form.
Substituting equation (18) into the wave equation (14) yields a new governing differ-

ential equation called the generalized wave envelope equation:

2 2
Klg—E+a—E+K2p+K3—aE=O (20)
axz oy ox
where
K, =1-M (21)
2 (1-M/n" 2 2M ot
K2=(2m7) y R C 4 /M R S/ (22)
1+ M\n 1+ Mg
+
Kg = -idm [M +1(1- M)] (23)
n

Examples are presented to illustrate how equation (20) can remove the oscillatory nature
of the pressure and thereby reduce the number of grid points necessary for a finite-
difference solution.

In soft-wall ducts, AT is not known precisely; therefore, the problem of picking
AT (or n+) to remove the pressure oscillation must be considered. The uniform hard-
wall duct, for which the correct answer is known, will now be investigated to determine
the sensitivity of the final answer to the assumed value (guess) of n*.

For plane waves propagating in hard-wall infinite ducts in the absence of flow, the

wave envelope equation reduces to

2
i_E + (2n)2<)72 - n+z>) - i4T[n+ QE =0 (24)
axz 0x




The exact analytical solution of equation (24) for the wave envelope pressure p is

p= p(l) + ip(z) = cos 2n(n - n"‘)x - i sin 27(n - n+)x (25)

-2t
The product of equation (25) with e 2m7x gives the exact pressure fluctuation as de-

fined by equation (18):
o+
P= pe_lzm7 X = P(l) + iP(z) = cos 2mnX - i sin 2myx (26)

which is independent of the choice of 7, by definition.

The analytical solutions for p from equation (25) for various assumed values of
TI+ or |77 - n+| are shown in figure 2. For 17+ = 0, equation (25) reduces directly to
equation (26); that is, p 1 equals P‘'"/, see the cosine-shape line in figure 2. For this
assumption, about 12 grid points would be required to describe this pressure profile
adequately in a difference analysis. However, if, for example, TI+ is assumed to have
a value between 0.7 and 1. 3 such that |77 - n+| < 0. 3, the exact analytical solution for
p(l) would require as few as three grid points in the difference analysis. The curves
for 77+ between 1.0 and 1. 3 are the mirror image of those between 0.7 and 1.0, and
therefore are not shown. If 17+ is assumed to be equal to 7, the curve for p(l) is the
straight line " = 1, or |77 - 77+| = 0. This line represents the envelope of the pressure
oscillation. I, for example, it is assumed that 77+ = 0. 8, the exact solution in fig-
ure 2 does not represent the true envelope of the pressure oscillation; it is still a gently
varying function that requires only a few finite-difference grid points to describe its
shape accurately. Thus, it is necessary only to pick a value of At (or 17+) in the vicin-
ity of the true value of AT to get a savings in the grid points required for a finite-
difference analysis. In so doing, the differential Helmholtz equation is transformed to
a new form (eq. (20)) that requires fewer grid points in its solution.

As another example of how to pick n+, consider the problem of predicting the at-
tenuation in a soft-wall duct, where 77+ is an unknown. Calculations for the attenua-
tion were made in reference 4 by assuming that n+ = q. Figure 3 (from ref. 4) shows a
comparison of the analytical and wave envelope calculations for the optimum soft-wall
duct attenuation for various 5 and L*/H* values.

Excellent agreement between the analytical and numerical calculations was obtained
for the two-dimensional duct example in reference 4. For the n =5 and L*/H* =6
case in figure 3, the conventional finite-difference theory required 3600 grid points; the
wave envelope difference theory required only 100 grid points. Thus, a savings of
3500 grid points over the conventional difference theory was obtained. At lower 75 and
L*/H*, the savings was smaller.

In principle, any choice of 77+ will yield the correct answer; however, a poor



choice of n+ will require more grid points than a good choice. Thus, for any assumed
value of n"', it is necessary to check for a converged answer by increasing the number
of grid points in both the x and y directions, as was done in reference 4.

Wall Boundary Condition

The boundary condition at the surface of a soft-wall duct requires that at the wall
the acoustic displacement of a particle in the fluid just outside the soft wall be equal to
the displacement of a particle just inside the soft wall (ref. 11). In addition, the pres-
sure and velocity fields at the boundary can be related in terms of the specific acoustic
impedance ¢, where

*
£ = *Z*=——71—27TP (27)
P Vw

As a consequence of these two relationships, the fluid velocity at the wall is

V|W=2_mz<p-_i£6_P> (28)
¢ 21 0X W

and the transverse pressure gradient at the wall is

B 2 2
_82 — 127TZ!P - gM_a_]__) + iM® o°P (29)
oy W ¢ ¢ ox W €277 axz w

The derivations for equations (28) and (29) are given in appendix B, equations (B12)
and (B13), respectively.
Substituting the expression for the transformed pressure (eq. (18)) into equation (29)

yields
2
B = (wp+wy B, w, P (30)
0 ox 2
Ylw o0x
where




W, = -i2mm ), . _2M (ﬂi) + i(ﬂ) (31)
+
w,-2M|; M (L) (32)
¢ 1+ M\n
)}
W = ICI;’I - (33)
T

Exit Boundary Condition

The exit impedance must be specified at either the duct exit or some point in the
far field. The exit impedance presented here will allow the numerical solution to ap-
proximate the analytical results for wave propagation in an infinitely long duct. The
wave propagation in the entrance region of an infinite duct can be represented by a finite
duct length L* by choosing the exit impedance at L* so that no reflections occur. For
a plane wave propagating in a hard-wall duct with uniform mean flow, the condition for
no reflections at the duct exit is an impedance of pfjcg, or

7*¥ 2P )
¢ S e ey
e *
P  Ye L 38)
34
*
X:xezk—
H* J

In the limiting case of zero flow (refs. 2 and 4) and for uniform flow in long ducts, cal-
culations indicate that equation (34) is a reasonable approximation for soft-wall ducts.

The axial pressure gradient at the exit can be related to the pressure at the exit by
using the exit impedance condition to eliminate the acoustic velocities from the boundary
condition. This is necessary since the exit condition is to be used in conjunction with the
wave equation, which contains only pressure terms. Combining equation (34) with the
continuity equation and the two momentum equations (see appendix C for derivation)
yields the following exit condition (eq. (C15)):



f
\

—iznn(tl- ) iM<1+M> ,
ap| _ e p e/ 2P (35)

+
e

e 1-M

e

Reference 3 used the exit equation for an infinite, one-dimensional, hard-wall duct;
consequently, the second term in equation (35) was neglected. As mentioned in the IN-
TRODUCTION, the failure of the earlier formulation to predict accurate transverse
velocities in short ducts, L*/H* < 1, was traced to the neglect of the second term in
equation (35).

Again, substituting the expression for the transformed pressure (eq. (18)) into equa-
tion (35) yields

2
0xX 2
e oy e
where

L, = -iZTT'l] Ce _ _'_Ii (37)

1+ M\1-M 7

1+ M

i €
Lz iM e (38)

2m(l-M)\ 1+ M

In the sample calculations to follow, ¢ e will be taken as 1.

Because of the nature of the finite-difference approximations to be presented later,
equation (30) cannot be used at the exit of the duct. At the exit corner of the duct, the
transverse gradient at the wall is given as (eq. (D39), appendix D)

El __ci2mP M __ 3P (39)
oy wall exit 1+ M 'Y 1+ M £ ox wall exit
ce Ce
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Equation (39) is a new equation; it was not previously developed. Equation (39) includes
both the wall impedance ¢ and the impedance at the exit ¢ o- The derivation of equa-
tion (39) and its full rationale are discussed in detail in appendix D.

Substituting the expression for the transformed pressure (eq. (18)) into equa-
tion (39) yields

%y wall exit ox wall exit
where
-i27 M [q
N, = 2m | (IL (a1)
1+ M ¢ 1+M\n
Ce
Ny = & (42)
M
1+ ——>C
§e

Entrance Conditions
At the entrance, a uniform pressure profile
P(O’ Y) =1 (43)

is used. A more general entrance condition, where P(0,y) depends on vy, is equally
easy to treat. In terms of the envelope pressure p, equation (43) becomes

p(0,y) =1 (44)

Axial Acoustic Power
The sound power that leaves a duct and reaches the far field is related to the in-

stantaneous axial intensity at the duct exit. On the basis of the discussion in references
12 and 13, the intensity can be expressed as

11



Mp*2
* %

+ Mc’(';pSu*2 (45)
€oPo

I; =(1+ M2)P*u* +

This equation is an improvement on Ryshov and Shefter's intensity equation (ref. 14),
which was used in reference 3. The time-averaged intensity over a cycle is

2 _ —
It = Real<1 + M Pu) + MPP+ —M_wy (46)
P12 21 (27m)2

_ 2p(’;ca‘

where the bar denotes the complex conjugate.
Assuming that the axial velocity can also be expressed in wave envelope form as

u = uae[—iz7T7’]+/(1+M)]X (47)

and using equations (18) and (47) give the expression for the time-averaged intensity as

2 _
I = Rea1<1 + M pua) + Mpp + M uaﬁa (48)
27{7’] (27”7)2

Thus, the formula for intensity in terms of p and uy has the same functional form as

equation (46).
The total dimensionless acoustic power is the integral of the intensity across the

test section

1
Be- f Ly (49)

By definition, the sound attenuation (the decrease in decibels of the acoustic power from
x =0 to x) can be written as
E

A dB = 10 log o == (50)

Eg
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Pressure Amplitude and Sound Pressure Level

The pressure amplitude IPI is a useful quantity to indicate how the acoustic pres-
sure varies in the duct. By definition,

19| =\/p(]l)z . p@? (51)

In terms of the wave envelope pressure p,

|p| = \[p(l)z +p? (52)

FINITE-DIFFERENCE FORMULATION
Instead of a continuous solution for pressure, the pressure is determined at iso-
lated grid points by means of the finite-difference approximations, as shown in figure 4.
Thus, the differential equations can be changed to a system of algebraic equations in
terms of the pressure at each point. This set of algebraic equations can be solved
simultaneously to determine the pressure at each grid point.

Difference Equations

The governing difference equations can be developed by an integration process in
which the wave envelope equation (eq. (20)) is integrated over the area of the cells shown

in figure 4.
a%p . 8% 3
KI—E+——E+K2p+K3—dedy=O (53)
sz ayz ox

Cell area

The finite-difference approximations for the various cells shown in figure 4 are ex-
pressed in terms of the coefficients

APi-1, 5 * PPy -1+ CkPy, j %Py a1+ OPiat,j = 0 (54)
The subscript k denotes the cell number. The derivation and expriessions for the co-

13



efficients are given in appendix D. These coefficients are listed in table I.

Matrix Solution

The collection of the various difference equations at each grid point forms a set of
simultaneous equations that can be expressed as

{al{p] = [F] (55)

where {A} is the known coefficient matrix, [p]is the unknown pressure vector, and[F |
is the known column vector containing the various initial conditions. The matrix is

complex.
To illustrate the detailed structure of the matrix given by equation (55), consider the
example shown in figure 5. For this case the detailed matrix structure becomes

71 [Paa]  [3s)

3% :93 f : i
Prerd | & | \\ l N\ |\ Pi2| |1
by ¢y dy °1 : | N ; O\ Pis| | ™1
by c5 ] °2| | | pra| |22
D L e e e I
ay }bl ¢y d4 : ey l \O } \)\ Py 0
ay | by ¢4 dll ey l \ l Pg3 0
ay | by o e | | Pog 0
———a——— S —— = — = A
l ag l cg dg ‘ eg | P31
\ |2 | by ey 4 e I\ p3a| _| ©
\ ; ay | obye d | ey | \ P33 0 (56)
S I 2] ] N B Ll B
{ | a cg dg !es Pay 0
\ I\ : 3y I‘01 ¢1d | @ Py
N N a3 | P1c Y| ! P43 0
S R R, T B I 100 O
| | | % |% % P51
N N | 24 | by €4 9y P52 0
\(\ ; \ { N ag | by dy) | pg 0
B , } ’ as’ by es| | psq| |0
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where the derivation of the coefficients is given in appendix D. The dashed lines illus-
trate where the matrix can be partitioned into a form that is-tridiagonal, which in more
abbreviated notation becomes

I I | |
| | | ]
L T TN N N 1
I R S R S N I R
T | T
0
Aq : Ba 1 G2 AN : AN Pg
I
____L____I_____|______J,___ | |
| | 0
\0\ | Ag = Bg | Cg I \0\ P3
| | | | (57)
| | | 0
N I\o\ | A } By | C Dy
l l L - -
R T
I l l A B P 0
5
\0\ | \o\ | \0\ | 5| 5
| | | l
This can be generalized for any number of points as
FBl Cy ”pl T FFI'
Ay By G AN Py 0

Nl |
NAN I H =

15



The difference equations are cast in this form and solved by using the computer pro-
gram written by Quinn (ref. 5), which directly inverts the matrix. The solution of the
matrix gives the pressure at each of the grid points. These pressures can then be used
to determine the acoustic velocities and intensities throughout the duct.

ACOUSTIC PARTICLE VELOCITIES
The axial and transverse momentum equations are solved to determine the acoustic
velocities in the duct. In turn, these velocities, in conjunction with the acoustic pres-
sure, are used to determine the intensity levels in the duct and the attenuation that the
duct provides.
Axial Velocity

The axial momentum (eq. (11)) can be rewritten as

qu, igu=-8 9P (59)
ox ox

where

g = 2 (60)
M

In terms of the transformed pressures and axial velocities, substituting equations (18)
and (47) into equation (59) yields

Ju
—2+ig 1-g>ua=-B§E+iBop (61)
ox [¢] ox
where
21t
o==1_ (62)
1+ M

Runge-Kutta solution. - Since the axial pressure gradient in equation (61) can be ob-
tained directly from the numerical solution, equation (61) was treated as a simple or-

16




dinary differential equation. As a result, a standard fourth-order Runge-Kutta integra-
tion was used to solve equation (61). The initial condition used for the solution was
found by rewriting equation (34) for ¢ 6= 1 as

u, = ZnnPe (63)

u, . : 2mP | (64)
The Runge-Kutta technique worked well when the wave envelope technique was not used;
however, this technique became unstable in many cases when the wave envelope tech-
nique was applied. The instabilities resulted from the large steps in the independent
variable x that were used in conjunction with the wave envelope approach. To correct
this problem, an exact solution to equation (61) was employed.

Integral solution. - The problem associated with the Runge-Kutta solution could be
circumvented by using an integration technique. Solving equation (61) and applying
boundary condition (64) yield

ip(x,-x) s X
u, (%, y) = 2mP(x,, y)e € Ty geTt?¥ / e Jlos aEﬁaSz Y) gs
s
X

. X .
- igoe 19X / € 195 p(s, y)ds (65)
X

where
p=B-0 (66)
Equation (65) has a disadvantage in that the pressure gradient is required for the inte-

gration process. However, equation (65) can be further simplified by integration by
parts. Recognizing that

X .
e : ipx :
/ L[ ps, y)]ds = e ©plxgy) - €' plx, ) (67)
S
X

and that
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X . lpx i Xe i
/ © (15 opis,y) a(s Dds=e  ©plx,y) - % plx,y) - ip [ ® % p(s,y)ds  (68)
S
X

and substituting equation (68) into equation (65) result in the following expression for
the axial velocity:

ip(x o -X)

. X .
u, (%, ¥) = 27 (1 + B—I/)e p(%e, ¥) - (%, 7) - mze‘“ﬁx/ ® ¢'%% p(s, y)ds (69)
X

The advantage of equation (69) over equation (65) is that the integrand can be found di-
rectly from the pressure field.

The velocity at any point can be found from equation (69) by using the values of the
pressure field from the solution of equation (55). Evaluating the integral in equation (69)
can be a problem. The parameter ¢ in equation (69) can be written

+
© = 2 |4 - M (ﬂ_) (70)
M 1+ M\n

Therefore, the integral term in equation (69) can be written as

X X

e . e +
e'?® p(s, y)ds = p(s, y)exp ,:1 2—1\721 ( - ﬁ ﬂ—)Sst (71)
+M 7
X X

The exponential in equation (71) represents an oscillating function whose wavelength can
be considerably shorter than the wavelength associated with the pressure field. In fact,
in the limit of small Mach numbers, the wavelength associated with the exponential in
equation (71) approaches zero, but the wavelength of the pressure wave is simply the
inverse of 7.

To illustrate this more vividly, consider the example of a soft-wall duct with a
dimensionless frequency 5 of 1, an L*/H* of 3, and a Mach number of 0.5. A
typical P 1 pressure profile in a suppressor duct is shown in figure 6(a) by the dashed
lines; the solid lines denote the amplitude of the exponential 19X Figure 6(b) shows
similar results when the wave envelope concept is used. In general, as well as in this
example, the grid spacing in the finite-difference theory is chosen sufficiently small so
that the pressure field can be accurately determined. The grid spacing associated with
the accurate determination of the pressure field will usually be too coarse to adequately
evaluate the integral in equation (71) by a conventional numerical integration formula
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such as Simpson's rule. Using a larger number of grid points would be wasteful, in
general and, in particular, would defeat the basic idea of the wave envelope concept,
which is to reduce the number of grid points. Therefore, a combined analytical and
numerical technique was used to circumvent this problem.

Polynomial-exponential integration. - The integral in equation (69) was expressed
as the sum of the integrals between each grid point to give

X . n X.+AX .
f ®pls, e ¥ as = 5 ! T pls,y)e'?" ds (72)
X i %

A fourth-order polynomial fit of the pressure p was constructed from the solution of
the wave equation for every value of i. In turn, equation (72) could be integrated
exactly. The exact formulas are given in appendix E. This technique proved very suc-
cessful.

Transverse Velocity

Once the axial velocity is known, the transverse velocity can be quickly found by
using the condition of irrotationality

ou_ov (73)
dy ox

which is developed in appendix C, equation (C10).
Substituting equation (73) into equation (12) gives

v:i_ag_*_il!‘[_@ (74)
oy 2mm oy

Thus, the solution of the transverse velocity can be found by a simple differentiation
process once u is known. As a check, the solution of the transverse velocity can also
be found by solving the continuity equation (eq. (10)) and applying the boundary condition
at the wall given by equation (28). This check led to the discovery of the problem dis-
cussed in the INTRODUCTION.

In terms of the wave envelope pressures, equation (74) remains unchanged, as
given by

19



v =i, M % (75)

a oy 2mn 0y
AXIAL INTENSITY AND POWER

In terms of the difference notation, the axial intensity given by equation (48) can be
written as

-— M —_
P+ Mo T 76
P43 gy Y11t (76)

2
_ 1+M =
Ii,j = Rea1< 27 P %, i,j> + Mpi,

The total power across a particular cross section, as given by equation (49), is written
in difference notation as

m-1
_(1 1
BTt 2 Bty Gm) oY )
=2

By evaluating Ei at the entrance and exit positions, for use in equation (50), the sound
attenuation for the duct is determined.

SAMPLE PROBLEMS

As the first example of the difference technique, consider the problem discussed in
the INTRODUCTION. Recall, for small I*/H*, the transverse velocities as calculated
from the momentum equation and boundary condition were not equal, even though the two
approaches should have yielded the same velocity at the wall. An example of this dis-
crepancy is shown in figure 7(a). Now, however, for the new exit condition (eq. (35)),
the transverse velocities calculated from the momentum equation (eq. (74)) and the
boundary condition (eq. (28)) are in good agreement, as shown in figure 7(b). This
agreement comes about because the pressure field has changed due to the introduction
of the transverse gradient in the exit condition (eq. (35)). The attenuation calculated by
using the exit condition of reference 3 is 6. 1; the attenuation calculated by using equa-
tion (35) as the exit condition is 3.4, which is a significant difference.

In another example of the difference technique, the noise attenuation at the optimum
point (point of maximum attenuation in the impedance plane) is calculated for a two-
dimensional duct with an L*/H* of 3.43, a Mach number of 0. 3, and the ranges of the
parameter 7 and ¢ listed in table II. In figure 8, the numerically calculated attenua-
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tions are compared with corresponding analytical results (ref. 9) that are applicable to
infinite ducts. The numerical results (lines) and the analytical results (circular sym-
bols) for the maximum attenuation are shown in figure 8 to be in very good agreement.

For symmetrical ducts (impedance identical at both walls), the pressure profiles
are symmetrical about the centerline of the duct. In this case, dP/dy can be set equal
to zero at the centerline of the duct. Consequently, the number of grid points in the
y-direction could be cut in half.

The deviation between the closed form and the numerical analysis shown in figure 8
at the lowest dimensionless frequency is assumed to occur because the pac(’; exit im-
pedance used in the numerical analysis begins to deviate from the exit impedance in the
analytical results (ref. 15, p. 246). By extending the soft-wall duct (ref. 2, appendix E),
it is possible to reduce the reflected contribution and thereby more closely simulate an
infinite duct, which is the basis for the analytical calculations. The dashed line in fig-
ure 8 results from increasing the duct L*/H* to 6.86 and evaluating the attenuation at
an x of 3.43.

PROGRAMMING AIDS

Appendix F contains the solutions of four additional sample problems. Complete
pressure and velocity printouts are given and can be used to debug and check the com-
puter programs. The pressure profiles for the two standard solutions that do not use
the wave envelope concept (n+ = 0) were checked by two independent computer programs
(refs. 2 and 5) that used two different techniques for solving the matrix equations.
Therefore, if the same difference equations are programmed, agreement of the pressure
field to three-place accuracy should be expected.

The outputs of the velocity fields are also presented in appendix F. For the
uniform-velocity cases, these flow fields have not been double checked by independent
programming because these solutions have been developed from the new techniques pre-
sented in this report.

LIMITATIONS OF THEORY

At low frequencies (n < 0.5), the exit impedance PBCE used in this analysis does
not necessarily lead to a condition of no reflection at the duct exit. Therefore, if the
reflections are large, the numerical solutions will not necessarily be equal to the ana-
lytical infinite-duct results. For example, the attenuation calculated by the analytical
infinite-duct theory for figure 7 was 2. 0 decibels, which is 1. 4 decibels lower than the
numerical results. Doubling and tripling the duct length produced large oscillations in

21



the pressure amplitude |P| in the axial direction. This oscillation was interpreted to
mean that large reflections were occurring at the exit of the duct. These calculations
were performed without using the wave envelope theory. At low frequencies the wave
envelope theory is not required since the wavelength of the pressure is very long.

In general, a pressure wave is composed of a forward-going and a reflected wave.
The present wave envelope theory is useful only in those cases where the reflected wave
is small compared with the forward-going wave, since the reflective component has been
neglected in equation (18). The wave envelope technique may also be limited to the case
with a single dominant mode or to the special multimodal case where the modes have
similar effective axial wavelengths. In all cases, in solving a particular problem by
using finite-difference theory, the grid spacing should be doubled in order to check for
convergence.

Finally, assuming p e equals 1 in equation (34) applies strictly to a single plane
wave. Therefore, some reflection will occur at the duct exit for pressure waves other
than plane. However, for n > 1, this reflection is generally small.

CONCLUDING REMARKS

A finite-difference wave envelope theory for sound propagation in a two-dimensional
soft-wall duct with uniform mean flow has been presented. Previous difference theory
did not give valid attenuations or acoustic velocities for ducts with L*/H* of the order
of 0.5. The difference theory with plane~-wave input developed herein is shown to be in
good agreement with closed-form analysis for the complete range of duct parameters.

Also given are the latest numerical procedures in applying finite-difference tech-
nigques to ducts. The derivations for the various procedures are presented in appen-
dixes.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, May 6, 1977,
505-03.
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APPENDIX A

SYMBOLS
A coefficient matrix
Ai submatrix
ay matrix element
Bi submatrix
bk matrix element
C constant
o submatrix
) speed of sound, m/sec
Ci matrix element
dk matrix element
AdB sound attenuation, dB
E; total acoustic power (eq. (77))
Ex acoustic power (eq. (49))
E0 E, evaluated at x = 0
e matrix element
F initial-condition column vector
F1 initial-condition submatrix column vector
f* frequency, Hz
H* channel height, m
Ix acoustic-intensity axial direction

‘FT

Kl’ K2’ K3 coefficients of generalized wave envelope equation (eq. (20))

(=0

L* length of duct, m

Ly, L2 exit-condition coefficients (eq. (36))
M Mach number, U*/cj

m total number of grid rows

N index: 0, 1, or 2
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wall exit coefficients (eq. (40))

total number of grid columns

dimensionless pressure fluctuations P(x,y) = P'/ PZ
submatrix-column pressure vector

pressure fluctuation, P*(x*, y*,t), N/m2

amplitude of pressure fluctuation, N/m2

Pr(x*, y*), N/m2

pressure-column vector (eq. (55))

wave envelope pressure

element of pressure at i,j grid point

polynomial coefficients

dummy variable of integration

time, sec

mean flow velocity in x-direction, m/sec
dimensionless acoustic particle velocity in x-direction
dimensionless axial velocity (eq. (47))
dimensionless acoustic particle velocity in y-direction
dimensionless transverse velocity (eq. (75))
boundary-condition coefficients (eq. (30))
dimensionless axial coordinate, x*/H*

starting grid position for polynomial fit

axial grid spacing

dimensionless transverse coordinate, y*/H*
transverse grid spacing

acoustic impedance, kg/mz—sec

dummy variable of integration

coefficients of polynomial fit

2mn/M (eq. (60))

1/ip Ax (eq. (E16))

specific acoustic impedance




7 dimensionless frequency

n+ wave envelope frequency

At effective axial wavelength

& particle displacement

py  density of uniform medium, k.g/m3
2r* /(1 + M) (eq. (62))

d potential function

¢ B -0 (eq. (66))

w* circular frequency

Subscripts:

e exit condition

i axial index (fig. 4)

j transverse index (fig. 4)

k cell index

opt optimum

w wall

X axial position

y transverse position

Superscripts:

* dimensional quantity

' dimensional quantity with time function removed

(") complex conjugate

(1) real part

(2) imaginary part
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APPENDIX B

DISPLACEMENT CONDITIONS

This appendix develops the relationships between the transverse velocity just inside
an acoustic absorber and the transverse velocity just outside the absorber in the fluid
medium. The development follows that of reference 11. By definition, the acoustic
velocity of the medium in a duct can be related to the displacement of the particle by

y* = DE¥ _ 9%  yx 3&* (B1)
Dt otk ox*

where an asterisk denotes a dimensional quantity. Assuming a harmonic displacement
and velocity of the form

VE ~ EX o~ glw*t* (B2)
gives
v = iwxg? + Ux 2 (B3)
ox*

where a prime denotes a dimensional quantity with the time function removed.
With the absence of convection inside the absorbing wall, the transverse velocity

can be expressed as
*
* _ a‘Ew

v =W (B4)
Vo bt

Again, for harmonic displacements as in equation (B2), the transverse velocity inside
the wall becomes

vl = lw¥gl ' (B5)
or
V'
g = (B6)
Vo jo*
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The continuity of particle displacement requires that at the interface between the ab-
sorber and the fluid

Ly (B7)
Combining equations (B3), (B6), and (B7) yields
ov!
U* 'w
vl o =v! + — — B8
lw = v iw* Jx* (B8)
The impedance condition at a wall can be written as
3k
¢=—2 (B9)
PoC0Vw
or for harmonic displacements (eq. (B2)) the wall velocity becomes
vt = _E (B10)

oRbent

Substituting equation (B10) into equation (B8) yields, for the transverse velocity at the
wall in the medium,

vy = (P = O (B11)
PoCof iw* ox*
In dimensionless form,
v|w=ﬁﬂ p - M oP (B12)
€ 21 0xX

Substituting equation (B12) into equation (12) in the main body of the report yields the
displacement boundary condition at the wall,

aP| _-izmgp _2Map| _ iM% 3%p (B13)
oy W ¢ £ ox W €2y 8x2 o
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APPENDIX C

EXIT CONDITION

The derivation of the exit boundary condition for a soft wall is now presented. The
goal of the derivation will be to relate the axial pressure gradient at the exit to the im-
pedance and pressure at the exit. This requires some manipulation of the continuity and
momentum equations in order to eliminate the acoustic velocities from the boundary
condition. This is necessary since the exit condition is to be used in conjunction with
the wave equation, which contains only pressure terms.

At the exit, the impedance relationship can be written

yA

C = e = ZTTHP (Cl)
or
u= 2_2"7_13 (C2)

[

At the exit, the momentum equation (eq. (11)) must also hold; therefore substituting
equation (11) into equation (C2) yields

jOP, ; M ou_2mP

ox 2mm 9x o

at the exit plane (C3)

The axial gradient of u in equation (C3) can be expressed in terms of the transverse
velocity v by using the continuity equation. Equation (10) can be rewritten as

ou _ -i(27m)2P - ZnnME’ - (C4)

ox ox oy

Substituting equation (C4) into equation (C3) yields

-i(zm)(-l- - M>
—a—I—, = §e P+ M _al

ox 1- M2 2m(1 - M2) %Y

(C5)
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The transverse gradient term can also be expressed in terms of pressure. An ex-
pression for the transverse velocity gradient is obtained by differentiating equation (12)
with respect to y.

2

&R, U2 (C6)
oy ayZ 271 oy\ ox
Substituting equation (C6) into equation (C5) yields
—i(27r‘n)(L - M) 0 0
¢ . .
9P _ L P+ iM P, iM 1(_31> at the exit plane
ox 1- M2 2am(1 - M%) ay2  (2m)3(1 - MP) VX

(C7)

The axial gradient in v in equation (C7) can be replaced by the transverse gradient
in u. Differentiating the axial momentum equation (eq. (11)) with respect to y and
the transverse momentum equation (eq. (12)) with respect to x and subtracting these
equations yield

1(@@)”2@(6_11_@):0 (C8)
ox\dy ox M \dy ox
which has a solution
ou _av _ Ce(-iZﬂn/M)X (C9)
dy ox

Since the desired solution should also be valid at a Mach number of zero, the constant of
integration is taken as zero; thus,

du_dv (C10)
dy dx

This is the condition of irrotationality that is anticipated from irrotational potential flow

theory. If the potential functions u = 0®/0x and v = 0®/9y had been assumed, equa-

tion (C10) could have been assumed immediately without any manipulations. Substituting

equation (C10) into equation (C7) yields
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-i(zm)(l - M) )
¢ . .

ox 1- M2 2m(1 - Mz) ay2 : (27777)2(1 - Mz) ay2

The transverse gradient of u can be found from the exit impedance relationship.
Differentiating equation (C2) with respect to y yields

ou _2m 3P _ 2mnP PE (C12)
oy €_ oy 2 oy
e Ce
In this report, Ce is assumed to be constant and independent of y; therefore,
.@B = .Zirl il? (C13)
0y ¢, 9y
Differentiating one more time gives
2%u _ 2m 2°P (C14)
ay2 Ce ayz

Substituting equation (C14) into equation (C11) yields

—i(27m)(-1— - M> iM (1 + M-)
P Ce e/ %P
— = —— P+ (C15)

9% |g 1 - M2 21m(1 - M%) ay?

e

For the case under consideration in this report, ¢ e = 1. Therefore, equation (C15) re-
duces to

. : 2

1+M 2mp(1 - M) ayz
e

2P
ox

€
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APPENDIX D

FINITE-DIFFERENCE EQUATIONS AND COEFFICIENTS

The finite-difference equations for the various cells shown in figure 4 can be ob-~
tained by integrating the wave equation over the cell area.

2
K a—l? + L2y Kop+ Ky Pax dy = 0 (D1)
ayZ ox

where the plus sign (+) in the upper limit of integration means to evaluate the param-

eters along either the upper or right-hand boundary of the integration cell, shown in

figure 4 by the dashed lines, while the negative sign (-) applies to either the lower or

left-hand boundary of the integration cell, depending on whether x or y is considered.
For convenience, equation (D1) is broken into four separate integrals

+ + 9 + + 9 + +
a—dedy+ a—dedy+K2 p dx dy
_ axz A 4 ayz J 4
/ / %P gx dy = 0 (D2)
Each of these integrals can be integrated

+ L + L + +
K, D gy + " dx + Kop; dx dy
ox | _ oy | _ 2]

+

X-axis J-

The various pressures and their derivatives in equation (D3) are evaluated at the edges
of the cells, designated by the + and - signs. These terms will be different for each
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cell because the boundary conditions, as well as the size of the cell, vary.

Central Cell 1 (k = 1)

In this region,

op[* _ap|" _ 2 =<pi+1,j } pi,j> i <Pi,j - Pi—l,j> D)

ox|_ ox 0x Ax Ax

ap|* _op|" _op| - (pi,i+1 - pi,j> ) <pi,j - pi,j—1> (D5)

ay|_ 9y A Ay Ay
ol Py s P:q i+ D
p|4_'=p|+-p|_= i+l, ] i,j\ _(Yi-1,] i,] (DS6)
2 2
+
[ dx = Ax (D7)
+
_[ dy = Ay (D8)

Substituting equations (D4) to (D6) into equation (D3), performing the required integra-
tions, multiplying each term by -(Ay/Ax), and grouping the terms into the form given
by equation (54) yield the following coefficients for the difference equations:

2 2
AX 2 AX
by =-1 (D10)
A2 Ky(ay)?
=21+ Kl(_i> 27 (D11)
AX 2
dy =-1 (D12)
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2 2
ey = -KI(AY) -K %’% (D13)

Upper-wall Cell 2 (k = 2)

+
In this region, op/ox|*, p|*, and /: dx remain the same as in cell 1. In this
region, dp/ aylf takes on the value of the boundary condition given by equation (29);
therefore,

+ 2 P ; -~ D; s
9pi" _ Wlpi .+ W2 9p + W3 p - (1] i,j-1 (D14)
oy _ 21 x| ax2 Ay

When equation (D14) is substituted into equation (D3), integrating op/ axlw and
&)2p/£3x2|W yields

+ p. A Pi 4 i+ DPs s
op dX=pw =(1+1,J 13])_(1 1,-]2 LJ) (D15)
/ ox W - 2
+ + - . . - D. .
Bpl g | - <p.i+1,J p_iLi> i (pl,l pl-l,J> (D16)
/ o2 N x|y, ) Ax AX
Also,
"+
_[ dy = &Y (D17)
2

Substituting equation (D4), dp/dy|_ from equation (D5), equation (D7), and equations
(D14) to (D17) into equation (D3), performing the required integrations, and multiplying
each term by -2(Ay/Ax) yield the following coefficients:

A A
Ax
by = -2 (D19)
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= c; - 2W, Ay + 4W, 2L (D20)

Ca
AX
e = e - W, AY - aw, AV (D22)
2 1 2 Ax 3 9
AX

In equation (54), j takes on the value of m.

Lower-Wall Cell 3 (k = 3)

A similar derivation applies to the lower wall. In performing the derivation, re-
member that the impedance is a vector quantity and must be taken as negative at the
lower wall if the outward normal of the velocity is not used at the lower wall. The fol-
lowing coefficients result:

ag = ag (D23)
bg =0 (D24)
Cg = Cq (D25)
dg = -2 (D26)
eg = €y (D27)

In equation (54), j takes on the value of 1.

Central Exit Cell Number 4 (k = 4)

"t
In this region, dp/ By]f and [ dy remain the same as in cell 1. In this region,
op/9x|* takes on the value of the exit condition given by equation (36); therefore,

+ 2 P: i ~P;_q s
ox|_ ’ 3y 2 Ax
Y le
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When equation (D28) is substituted into equation (D3), integrating the a?‘p/ ay2 term
yields

+ .
2 D: 5.4 — DP; s P; ;- Ps s_
é_g dy =( 1, J"'Al 1, 1> - (,1,3 < i,j-1 (D29)
2 ay e y y
Also,
P: i+ Pi_q s
pll=p ;- (————2———"] > i-1 J> (D30)

f ax = A% (D31)
2

Substituting equations (D5), (D8), and (D28) to (D31) into equation (D3), performing the
required integrations, and multiplying each term by -2(Ay/Ax) yield the following coef-
ficients:

a4 = 231 (D32)
2K . L
by =-1-—>2 (D33)
AX
K, Ay? 4K L, 2KL, Ay?
cy=Cq - + - (D34)
AX AX AX
9K L
dg=-1-—12 (D35)
AX
e, =0 (D36)

4
In the problem, £ _ is 1; however, is left in these equations in the event that a differ-
e ’ e

ent value of {, might be used at some future date. Also, in equation (54), i takes on
the value of n.
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Upper-Corner Exit Cell 5 (k = 5)

The corner condition combines both the exit and wall impedances in a single cell.
In this region, dp/ axlt is again defined by equation (D28). Performing the first inte-
gration in equation (D3) yields

+
K, p
[ ox

The term dp/ ay|+ is defined by equation (30) in the body of the report. Unfortunately,
the second derivative term 9“p/ ax2 ‘w in equation (30) can not be evaluated in this cell
because only two grid points are available in the x-direction. Three grid points are
required to evaluate a second~order derivative.

This problem can be circumvented by redefining the wall condition in terms of the
exit impedance. At the exit, for the irrotationality condition (eq. (73)) and the im-
pedance condition (eq. (C13)), we can write

+ K.(p;, 1 ;-Dp;, Jay K.L.p. . Ay +
dy = 1VWi-1,j i,] " 1717, +K1L2§E (D37)

2 Ax 2 oy | .

ov _ou_2m 3P (D38)
ox 0oy Ce oy

Substituting equations (D38) and (28) into equation (12) and solving for 3P/dy yields

P
ay

i2anP M ap

wall exit 1+M§ 1+—1\£§aX
Ce Ce

In terms of the transformed pressure, defined by equation (18) in the body of this
report, equation (D39) becomes

(D39)

wall exit

9p = N;p + N, 22 (D40)
%y wall exit ox wall exit
where
_i2 M +
N, =201 |1 - U (D41)
¢ 1+ M\7p
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S

Ny =2 (D42)
M
1+—
9
Assuming
ap P " Piang (D43)
9Xlwall exit Ax
then
§E+=Nlp, L+ N i,i " Pi-1,3\ _ (Pi,j " Py, j-1 (D44)
9y | . 1] AX Ay
In addition, p|’ is the same as in cell 4 (eq. (D30)) and
+
f- ax = 2% (D45)
2
+
/- ay = &Y (D46)
2

Substituting equations (D30) and (D37) into equation (D3), performing the required inte-
grations, multiplying each term by -4(Ay/Ax), and grouping the terms into the form
given by equation (30) yield the following coefficients:

ar = a, + 4K, L, N, AL , an, &Y (D4T)
5= 4 17272 274
AX X
by = 2b, (D48)
_ - - Ay _ Ay _ A

cg = cy - 2N; Ay - 2N, ) 4K, L,N, ay 4K, L,N, A (D49)

AX Ax A 2

X
dg =0 (D50)
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eg = 0 (D51)

In equation (30), j takes on the value of m and i takes on the value of n.

Lower-Corner Exit Cell 6 (k = 6)

A similar derivation applied to the lower wall (see discussion of cell 3) yields

ag = ag (D52)
b6 =0 (D53)
cg = C5 (D54)
dg = dg (D55)
eg =0 (D56)

In equation (30), j takes on the value of 1 and i takes on the value of n.
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APPENDIX E

POLYNOMIAL-EXPONENTIAL INTEGRATION

The integral in equation (69) is expressed as the sum of the integrals between each

grid point:
n
X ] xi+Ax )
.[ p(s, y)e'?® ds = E / p(s,y)e'?® ds (E1)
X.
- i
i

A third-order polynomial fit of the pressure p is constructed from the solution of the
wave equation

B(S, ¥) = ag + (s - %) + ayls - x9)% + as(s - xp)° (E2)
where
Starting point:
X5 =0 if x;,=0 (E3)
Central points:
Xy = X; - Ax if 0<xi<xe—Ax (E4)
End point:
Xg = %; - 2 A if x; =x, - Ax (E5)

Substituting equation (E2) into equation (E1) gives
Xe . o Xj+AxX .
/ p(s, y)e'?® ds =Z/ Eyo +ay(s - xp) + ay(s - xo)2 + ag(s - xo):‘l:lel‘ps ds
X i X5 (E6)
The integral of the polynomial in equation (E6) will be integrated exactly by using

formulas given in standard integration tables (ref. 16). However, to simplify the inte-
gration, let

39



z=8~Xy (E7)

Therefore, equation (E6) becomes

n

Xe : tpx Xj+AX-Xg .
/ p(s,y)el?Sds=) e O / (0’-0 +aqZ+ a.zzz + a3z3)d190z dz (E8)
X : , X,

- 1
1

Furthermore, to ease the numerical integration, let

X; ~ X5 = N Ax (E9)
X + AX - X5 = (N + 1)Ax (E10)
where
Starting point:
N=0 if x;,=0 (E11)
Central points:
N=1 if0<xi<xe-Ax (E12)
End point:
N=2 if x; =x_ - Ax (E13)
Therefore, equation (E8) becomes
= (N+1)A
Xe . ipx + X .
0 2 3\ ipz
p(s, y)e'?S ds = e O + @12 + aoZ” + @ o2°)e'?? dz
L ’ N Ax ( ot+ay 2 3 )
i (E14)

By using equations (565. 1, 567. 1, 567. 2, and 567. 3) from reference 16, the integral
for equation (E14) can be expressed as
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n
e ips 2 ip Ax ip Ax
p(s, y)e ds = € Axe ao(e -1)+ @y Ax[e (N+1-¢)-(N- e)]

i

@y sz{ei(p AX[(N+ 1)2 - 2N+ 1)+ 262] - (N2 - 2¢N + 262)}
+ag Ax3 {eigo AX[(N + 1)3 - 3e(N + 1)2 + 662(N+ 1) - 663_]

- (N3 - 3¢N2 + 6e2N - 663)}> (E15)
where

1
igp Ax

€ =

(E16)

The expressions for the coefficients ag a1 Ao, and o 3 can be evaluated directly
from the formulas

ag = 3Q1 - 3Q2 + Q3 (E18)
8 -5 -3
oy = Qg = 59y - 394 (E19)
2 Ax
-2
ag= e B (E20)
2
2 Ax
where
Qo = p(XO, Y) (EZI)

p(xg + Ax,y) - p(xg, ¥)
Q= (£22)
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Q

Q3

)
) - p(xoly
Ax,w

: 2 2 2 Ax

X

Y

y)
s’

- p(xo

X, ) -

A .

ot 37Ax

%0

p

(E23)

(E24)



APPENDIX F

SAMPLE PROBLEMS

The appendix contains complete pressure and velocity printouts for four sample
problems:. These printouts can be used to debug and check computer programs.

Problem 1

Plane

pressure

wave —~_
N

~
~
A\

.

Gy

(a}

The input is
n=0.6
17+ = 0 (wave envelope concept not used)
M=0
L*/H* = 0.5
§W=0.16 -10.34
P0O,y) =1
n=>5

m =10



The calculated values are

44

CUEWNSFOCOE WN = - OB E LN "

CUEEUWN-C N EWR -

CUE W~ WE WA

B

~+123+01
-e123+01
~e123+01
-.247401
—e207+01
=e247+01

X position
.0000

«1UDG+00
«2uD0+00
+3G00+00
«4000+00
.5000+00
«CUoD

+1600+00
. 2000400
. 3600+00
« 4000400
. 5400400

X position
.CGoe
«ILTO+00
20C0+00
«3000+00
. 4500460
«5GN0+00
-£00D
«1L00+00
+2000+00
»3000+DD
. 4100400
«SL004C0 -

x position
« 0000

«1L02+00
«2600+u0
. 3L00+00
L4LC0+B0
+5000+C0
elet]y

. 1600460
.2L0G4+00
+3LN94c0
«4C00+00
«SLNT+00

.CC0
070
«000
-000
.000
<000

L - . N - S O, P X

TOC OO et s e e iatie

~«100+G1
-+200+01
«CO0C
=»100+01
-.200+01
+0DD

7|
+100+01
+108+01
105401
+793+00
«599+00
«598+00
«108+01
+926+0¢C
+792+00
«650+00
«S4Ye00
«S0+00

D

«10C+01
«341+00
-«511+0C
- 758450
-« 477+00
~e121+GC
«170+C1
«979+0C
« 729400
«515+CC
$303+C0
«110+C0

p@
.00
~.1r3401
-+916+08
-.234+C0
+363+C0
W5oUACT
.ure
-~ 17ae0n
~.3104C0
-.zo64C0
-~ HUR+LD
—euPBCL

Ay

Eqy

E_=0.

X

0
e

il
-

30

1111

128 (x = 0. 5)

AdB = -10, 04432

+G00
00
+000
«000
GO0
.000

[P
.100+01
.725+00
4518400
.318+00
V169403
$104+36
.100+01
.82G+00
.717+00
.560+00
2446400
Lunu+n0

NN N NNNNNNNN

e

«170+01
«574+00
2111400
-.1u2+00
~el€6+430
-.1N9+00
«170+01
«8EC+G0
644400
421400
.228+30
«670-01

NN N N NN AN N N

.a00
-.4u34C0
-.5P6+00
- 2R5400
-.279-01

=+3P4407
-«398452

TN NN N NN NN NN N
0
"
o
]
€
-

2429401
.228+01
.228+01
LH294C1
.228401
.228+01

@ (0 ®E DLW Wy 0 WO MO0 W LW W W W

® DD DD DWW W

000

$949+00
«94e+0C
+931+00
«188+01
+188+071

||
100401
«793+00
2»578+00
+393+00
«262+07
213400
«100+01
«793+07
+578+50
«393+00
2262407
213400

o)

»10C+01
n75240"7
w45H407
«216+0C
»725-C1
=s142-01
«1CC+01
£752+00
454400
2216400
«725-01
~elu2-01

«LNG
~e250+C0
=.358+0"
27+C0

«251+00
-.212+0°
L
~e5M+LT
—s38E+0"

~+19G+01 «030

<000

«000

=+20C+D1 «L0OD
~+100+01 »00G

suNG

«u00

=«200+01 +000

00 O0DO0VDEFES £ & e VWV OOVOEEELEEE

B D000 oL ECF B S

2]
«100+01
«8845+00
«717+00
«560+00
shgps00
«80u+C0
«100+31
«725+00
+518+00
«318+00F
«169+40
«l44+00

p(0)
«100+C1
«360+C7
N-LT AN
J421+07
«2284C7
«670-01
+10C+C1
«STHACT
«111+07

-a142+730

~«166+0C

-«1N9+GCP

p(z)
.o
«1904+00
«316+70
«370+L0C
—.384+40"
-.39E8+C0

200
—.443+CF
Gre+ar
255+71°
~+2R9-C1

+935-91

-e123+01

~e123+01

—e123401
»00¢
000
.00

7]
«10C+01
«926400
«792+00
«650+00
»541400
«500+00
«180»01
«108+D1
«105+01
«793+00
+599+00
«598+0C

e
«170+01
P09+ 50
« 729400
«515+00
«373+40C
+110+00
«10C+Q1
«341+30

=e511+00
~. 758400
~e 477400
“s131+00

PYslal el
~2174400
-.310+00
-«396+CC
yagens
~.4Pg+Q0

s
=+173401
-.916400L
=.224+CC

363400

CERGAD

€k

000
« GO0
.00
<000
300
.000




CUVEWN= O E WA e CREWNE UL N~ PV E LN G U R -

CUNELNRCGEWN -

x position
L
«1L00+L0
a20L9U%ul
»200J+00
sULDO+LD
«5L.02+00
«CLDD
«1600+00
«2L00+00
+«3L0D0+C0
«4LT0+00
«5C0C+00

x position
.BUDS

.1000+00
« 2600400
«3L00+60
«4000+00
«5608+00
.0U00

+1000+00
«2u00+00
+30L00+00
«4000+60
+5L00+00

X position
. 0600

«1000+G0
« 2000400
«3000+00
«4000+00
«SLOD+00
.0000

»1000+00
+2000+00
<3600 +00
«4C00+00
+50L00+00

x position
»Qcoo

«luto+00
«2000+00
«3000+00
«4U0D+00
«5000+00
« 0000

«1L00+20
«2G00+00
+3000+00
<4000 +00
«5000+U0

Ll - R e el C PP = it s s

L L L

L

ey
#1774L2
hR2+U1
—e499+y1
~eT1B8+L1
=+315+01
~e2F6+00
«152+C1
«163+01
«111461
«659+350
«455+LQ
«440+00

o)

=+ 755+C0
=+108+02
=e6T9+01
«620+00
+302+01
2127401
-s239+0C
~+145+01
=.205+0]1
=+217+01
=e202+01
~+185+D1

e

«0N0
~+820+01
~+562+01

+560+00

«466+01

«553+01

«GC0

«507-G1

»898-02

~¢397+00

+2)

«0C0
+224+01
«739+01
«715+0G1
« 304401
-.538+00

+000
=e217+00
=+370+00
-«418+00
337400
=«197+0C

NN NN NN N NN N . NNNNNNNNONN RN S NN NN NN NN N Y .

NN NN N NN NN NN R

oD
«6274+01
«3r%+31
-e.ir8sul
~e273401
~s171+01
=e276+00
207401
«172+01
«881400
«275+00
«160+430
«3M1+G0

o®
-.268+01

=.724+00
191+G1
228+01
211+01
174+01
=+152+01

)

Y]
=+273+01
-«213+01

«332+00

»251+01

«380+01

.G00

«258+0N

«1414D0
=.328+30C
—+864+00
—.122+01

+2)
«L00
«197+01
J40G+0L
e411+01
«253+01
«799+00
+ul0
=691 +00
~e119+01
~+130+01
-+103+01
=+521+00

Problem 2

Plane
pressure

wave —
~

\
Ay
N

DO D DO N N DD D ® NN N e @O DD DU N W N L

DD ®D O BN L W .

(b)

ey
«302+01
«2194+C1
e3764070
~+67740N
~ek 724010
a545=-01
+3712401
+209+01
«3ITEeON
-6 774NN}
~e472+4C0
«S8E-01

@

-elbB8e01
=»299+D01
—e280+401
~+191401
=+105+01
~+879+00
~+168+D1
=e299+01
~+280+01
=+191+01
-.105+01
=.879+CD

Ne

«d00
=e881+0N
~+684+00

389401

2152401

«215+01

«G0D

+581+00

«6RUANN
~.389+00
~s152+01
=«215+01

+2)

«J00
»129+01
«227+401
«202+01
«178+01
«876+00

Y ls)
=+129+01
—e227+01
~.242+01
~+1784C1
—.876+01

DO OVOOFEELF £ St COO0VVOOFEEL D FE B 00000V EEELE L.

COVODOEEEE L B

ey
«277+01
«172+01
«BEleCr
«275+0T
«160+00
«301+00
«627+401
«2I09+01
~e108+01
=+273+01
~+151401
—s2N6400

o®
-.724+00

~+.191+01
~e228401
-+211+01
=s174+01

~s1524C1

=+268+01
-+520+01

-.38C+01
~«128+01
»393+00
«THH=-01

e

<000
—«258+00
-. 141400
+228+00
«864+00
«122+01
.000
«273401
«213+401
-.332+30
-+251+01
=.340+01

4@
«000
«691+00
+119+01
«130+01
+103+01
581400
000

~«197+01
~.4ng+01
-«411+01
~.2534+01
=.799+00

e
«182+01
«163+01
«111+01
«659+0D
«H55+00
«4u4se0G
«177+02
«4R2+01

—s4994+01

~«718+01

-+315+01

=s266+00

u®
-«239+00C
-s185+01
-.205+01
=2217+001
~.2M2+01
~«185+01
-« 795+0C
-.108+02
~e609401

«6520+00

«302+01

«127+01

e

000
=+507-01
~+898-02

+126+00

«285400

«397+00

Eyvlsh]

«820+01

«552+01
~+560+00
~e4664+01
~e553401

(@
«300
«217+00
«370+00
«410+00
»337+00
+197+00
.000

=.224+01

-«T739+01

=+715+01

-e304+01
«538+00
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Problem 2 is the same as problem 1 except that the wave envelope concept is used.
The input is

L*/H* = 0.5
¢, = 0.16 - 1 0. 34

p(O, )= 1

The calculated values are
Ax=0.1

Ay = 0. 1111

i

E_ = 0.153 (x = 0. 5)

X

AdB = -9, 01164

k y by x b e

1 ~s123+01 —+465+00 =.1G0+01 +0C0 w447401 0G0 =+«100+01 LOC ~.123+01 «465+00
2 —.123+01 - 4B54CO -«200+01 «0CO «245+01 «GuUSen ~ut L1 -+123+01 2465400
3 -e.123+01 ~W465+00 <000 «C0D «245+01 « 9494010 -.2C0+01 «GNC -+123+01 «465+00
4 ~+247+01 -+931+C3 -.1G0+01 +500 WBu7401 «93140¢ =.100+01 LG .roe 0G0

5 -e247+C1 =«931+C0 ~e2l0+L1 «LOC v245+01 «182+71 «CO0 «L3C +CocC - 000

6 ~e247+01 =.931+CO0 000 -L00 245401 «18P2401 -«200+C1 «LnC 000 Ml
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PRV - C U E W U E N e C U E GG U E NN . CUMEWNEC U E W - CUEWNMCU £ W - b

v

L A

CUEUNFC N F LR -

X position

«LL20

«1L00+0D
«2GC00D+GO
»3LC0 00
4000400
«5L30¢C0
«4L00

« 1030+00
«2003+00
«2,L00+00
s4C00+L0
+SL3CH0C

X position
« 3100
«1tCJe0n
2L00+00
= 3CC0+CO
«4G00+L0
«SLO0+00
«GLED
«1.00+00
e2000+L0D
«3L00+00
S4LOC+UO
L 5L20+4U0

X position
«L2"0
«1Lraeus
LSS+l
LG
S4L07+00
»5L00+0C
LGL0D
.1L0C+00
«20LA3+uC
23000407
Z4L0L+L0
e B OG LD

X position
SLLNS

«1L0G+u0
«2LCO+uN
. 3LNC+G0
+4L03+00
«5LNC+UD
200030

1706460
+20004+L0
« 3000400
«4LlU+GCN
2 SLOC+UO

X position
sl

2 1LT34.0
«Z2LNNALN
«3u00+00
«4LO0U+0L0
«5000+0C
suL22

«lLIC+L0
L 2L00+u0
«33N0+0N
«4000+0G0
«SLO3+UN

X position

«3uNd

« 1L0J+UD
«2L00+L0
«3ubu+00
24L00+00
«.5400+00
«GLOL

«1000+00
»2L00+00
«3L00+00
+4co0+Q0
«5000+00

DO OO e b b b e e G L N SR L= O C OO T DO e e e PO T T o

L N

|
+170+01
2110401
»1C5+01
«798+00
«635+L0
$6514C0
«170+01
«923400
«793+4LC
f6STHLU
LRIV
«516408

ey

«1l70+C1
« 779400
«3244G0O
~+E60-C1
EEL MRS 1]
—.541+00
«170+01
«9r8400
«751+0D
«50UuSGT
«HBB4CDH
«US3+CT

@

«unn
B1A+CD
171+01
793+0G
4oreCn
=+361+0C
sute
«167400
$25T4L0
»c80+00
e 62400
ez T+l L

(1)
s
J156+L2
L189401
574400
-.340+C1
309+01
“u172401
L187+C1
.278+01
.227+01
L278+01
L8401
L168+C1

o2

—.924L0
=e756+C21
=.877+01
=.6h6+01
—ek02+01
—el28401
=316+t 0
=L 772401
=70 0+u0
~e312+50

P Dol e

£918+LO

o

«UNG
~+639+01
~+912+401
~a634+01
~e3n04L1
~s158+L1

«L00

«117+00

s201+00

«3M1+030

«313+00

»312+00

o N R AN g NN NN NN N RN RN e N L ENEVIEVEN YN NN NN NN NN Y A N NN NNNNNY VNN

NN A NNNNNY YV e

17|
+17D+01
«738+00
«573+30
«370+0C
«18743N
«167+30
»17C+301
«BPRT+0T
«1°2+30
570430
WHEG5
418420

o

+170L+01
«712+230
«HU9+30
«212+30
«2%6-01
=e531-01
«170+901
«370+00
«694437
«529+30
4174350
«378+00

@

"0
~.1%6+30
—.cP7420
~e253430
~elP6430
~a1F9+30

L7l
«1724+C7
«198+00
PPARTE Joie)
191427
«l7E4SD

(1
“a
LAY
24F5+01
«192+31
153400
~e151423
—e7h0-C1
209401
«272+01
«e26401
«c"E+01
«1P1401
+17E+DL

(2)

Ua
=e3754+41
3r2+31
ShL+ll
315+01
271+31
~a496430
~.8134L0
113431
174431
~.6474+GN
-a415-31
BRI PRdeR)

«u61+00
.858+00
«992+00
«970+00
SHUS+DN

B DB D™D Gy o e e e D DO DD W W W N DD DD D DWW W© G LD IRE W W D OO DWE W N

PO DO DWW AN W e

7]
«17C+01
«799+0N
e5QCeNT
et e
W 2T73+07
e224+7T7
«100+01
2 7O9¢0T
eS30 40N
syngere
«273477
siruv

ey
slrer]
796477
598407
4307
270400
2221400
flN0+0]
L7980
«S5°8+0"
«HM3470
«27C+0N
ec214Cn

5@

o C

13-
465G =N1
4RY=r]
RTEER
390-01

oD

weFESL]
«2994C1
w2?1401
«153401
«171401
e ugeon
«2364+01
«299+01
0221401
«1€3+01
171401

UGl

(2)
Ua
ST YE
— 10T+ ]
—elSR4C1
=slu6+01
—enlls™"
al2640 7
~s173+01
~e197471]
~elRE+1Y
=sllper]
—enll¢n"
ER - R aels

(1)

va

(00
-+123+01
=e196+01
~.1°7+M
~+17C+G1
~al156+C1

2CCC
«123+01
196401
«197+01
«17C+01
«156+01

DEeEE LS e

0032230

Do0QO0O0EFEE R E

7]
e1rpeg
L38040
722400
W57 40
459e "
catgenr
17001
L7384 07
LHTIE T
L11Te T
18740
16T

P(D

«170+012
BI0+IC
$694s
«529+00
2417400
«378+.T
JING+GY
« 7124350
LAY
«212+.0
2236-01

RS ENS

(@)

p

b 0T FEEE £ B

209

£ E & -

coo0d2a8 e

000000 EERELD £

N

.00
“.461+G0
- PER4GM
-,0524LF
=970+
—a3u5+50

000

«318+01

«420+01

+355+01)

«207+3G1

«199+01

IR RCRCHIRE RERT N RN R T

- e

170G
L9 B
RIS
LE9ur
LY
LuF3ene
crrpent
LT79ee
W 3704 L
-.260-01
4ryeng
—euier

R Y
ecluAL ]
$20 e+
JdEedrSl
R RN
WTR90]
oETUeTy
—eZbL+M]
= 369+
~e17247 1

(2)
ua
~e3li+
RN APl
LTI
=e 312+
s 300
C91As
R A R
-.7564 01
CANTHC]
EFB+AL
wezenr)

~a178+M1

+ 313400

47



i X position § vg) j vg_z) i v:(iz) i vg_z) i ng)
1 +LU8G 1 .cac 2 .tu 3 L.t 4 ong 5 ouCO
2 . 1eeenn 1 -.118+01 2 .719+37 3 Lzl6ent u L517+00 § 4173400
3 «2000+00 1 122441 ? $173451 3 W114+C1 4 748+GP s V258400
4 .3L00+08 1 $379+51 2 W2m2+31 3 175401 4 LBE24" S a20%4407C
5 «4500+00 1 $505401 2 277431 3 W 166401 4 962400 g «317400
3 +5000+C0 1 259N4C1 7 314421 k] RS u 1n14351 S .37840(
1 .0C00 6  .L"O 7 .LtC & L a .cno 10 .oro
2 «1L00+00 € -4173+4G0 7 =u517450 N T o o =.719+00 10 .118+01
3 .2ub3+00 € -.2°8+CC 7 ~.74843T B~ 11440 §  —.133+L1 10 =.172+01
4 » 3060400 6 —.294+40L T =.kE2+LD 5 —.139+01 9 -.202+01 1G  -.3794+01
s L4G0046C 6 -.317eul T -.962+4C7 8 - 169471 e -,277+u1 10 -.575+31
6 «5U09+G0 & - 3PB4Lu 7 =.lfisul §  —.lFa+l] 9 -.318401 16 -.5°9+01
Problem 3

Plane

pressure

wave — Z

N W

o
——
w
’
e
vl

g_;’=0 fuse ¢, = =}

{c)

The input is
n=0.6

7T = 0 (wave envelope concept not used)

M=0.5

0.071 - 0. 151 (upper)

Ve
g
1l

1><1030 (centerline)
P(O’ Y) =1
n=10

m =10




The calculated values are

Ax =0.05

0.05556

Ay

Ey

11

0.725 (x = 0.5)

AdB = -5. 60602

k e bk Cp dk ey

1 ~e926+00 -.116+00 -.100+01 <G00 781401 .P0D -.17g+01 L0np ~.92640C .116+00
2 «122402 -.137+02 -.2004+401 .000 -.704+402 P161402 .L0C 2179+02 ~.137+01
3 -»926+00 -¢116+00 +C00 .00 L781401 +316-29 g -.926+C0 «116+00
4 -+185+01 ~.233+00 ~.1C0%ut ~.796+ul 281401 164402 ~e796+01 .ot . 000
5 +2B2+02 -+193+C2 =e20LL+01 -e159+02 ~a335402 fPU14N2 «LNg acon «NGn
3 -,185+01 -+«233+00 «000 .300 +381+01 le4enz -.20L+01 ~.159+02 a0 .oon
i x position i e i 1Pl i e i el j 7|

1 ML) 1 L100+01 > -1n0+01 3 £100+01 4 .1n0+01 5 .170+01

2 .5000-ul 1 .982400Q 2 .951+00 3 TTY A 4 .945+0C 5 .5u41+CC

3 +10L00+00 1 L657+GC 2 .856+00 3 Lg52+00 4 847400 5 .843400

4 «1500+00 1 £725400 2 .723+30 3 719400 4 W715435C s £715400

5 . 2000400 1 +567+00 > L566+07 3 .563+00 4 .5634G0 5 .571+0C

6 «2500460 1 $405400 2 415490 3 4B +TN u Lu1uenr 5 438460

7 .3000+60 1 «279+00 2 .292+00 3 2292400 4 L316400 s . 360+Cu

8 +3200+00 1 «263+00 H .259+07 3 L289407 u .327+0C 5 LIRYeOL

9 «4600+00 1 »351+00 2 378400 3 J382+00 4 .up2400 5 sgepens

16 +4500+00 1 45800 2 456402 3 H49CH0T 4 532400 5 +580+C0

11 «5000+G0 1 «541+0C H -549+03 3 578400 4 617420 5 679400

1 +CLDO 3 .110+01 7 L10G+01 8 100401 Q L1004351 10 L170401

2 +SLOD-01 6  .938+00 7 L919400 8 LGU6s07 ° 961407 10 RLETN]

3 «1uD0+00 6 LEL4+00 7 B56+00 8 583400 9 931400 10 L1rQ+01

a +1500+C0 6 .776+00 7 L 757400 e L51643P ° 91Gear 10 174401

5 «2LD0+uD 6 .599+GE 7 056407 A .763400 ° 599+0r 10 L110+01

6 +2500+G0 6 4AB+2] 7 .575+30 8 709400 9 ,399+0" 16 116401 |

7 + 3000400 6  +434+C0 7 544400 E £699+00 9 .913+00 10 «17°1+01

8 «3500+00 3 CH66400 7 ©576+33 3 LTICH0N 9 “ounaCl 10 V124401

9 . 4000400 6 «5594CL 7 LEL0N e .795420 9 29794 " 10 L175+01

10 $4500400 6 667400 7 L762+00 8 es79400 ° S113+21 1T .124401

11 . 5C00+60 6 «7A0+CG 7 .659+0C 8 L973407 e L1091 10 L120+01

i x position i P i W ;e i j ptd

1 .CLID 1 170491 2 BN 3 il 4 L1N0+G1 s L100+01

2 +5L0G-01 1 .452+0C 2 .951+07 3 Gugenn 4 .945+00 5 941400

3 L 100T+07 1 .857+C3 2 855430 3 ceR2ern 4 B4 Te0r 5 .842+00

4 « 1500400 1 L 7244CC 2 .723+20 K L71940° 4 AT 5 L710406

5 .2L0G+00 1 5674C0 2 LSF5400 3 BISELA 4 .556+01 5 5524000

6 . 2506460 1 L3984 C 2 «3°6400 H Lzelecr 4 - 384400 5 +378+00C

7 .+ 3L00+00 1 L231+6C 2 $2290u0 3 ee?140m u L211+00 s .27U+0C

5 +3520+00 1 e813-G1 2 L774-01 3 NS 4 L494-G1 5 289-01

9 L4L0G+00 i -.a01-C1 2 -.4f7-21 3 -.e?r-e1 0 -.n82-31 5 -.123s7C
1L . 4500+00 1 - 126400 2 ~.171+50 RS LY R e u 191407 5 -.242+0L
11 L SERD4LO 1 -.1h4s00 2 -.174+00 3 -.zn2snn 4 —.251s07 5 ~.319+0C

1 . 0LOD 6 1onect 7 .1M3+at 8 1n0peny ° L1r0+Tl 16 L1rueal

2 SSLRO-U1 6 «9 78400 7 517420 8 Jgutenn s L9514 0 10 9800

3 . 1000400 6 «6394CU 7 L563430 3 ccRbeCr 9 LN 10 LIT3e

4 .159C+00 6 $T10+LG 7 .719+20 8 LFubenn 9 AT ie $87140C

s .2L00+00 & 554400 7 WH5ET74J0 4 ol ane o 2666470 10 788450

6 «250U+ul 6 .37840C 7 +390+50 a cu22er0 e SURGILF 19 61470

7 L30L00eL0 6 .193+CC 7 .104+27 a eclisre ° Lo6eCe0" 10 »386+0L

3 +3500+00 3 $799-02 7 ~.891-02 5 -,170-M1 ©  ~.596-L? 10 201-01

9 »4u03+00 6 -.1634C8 7 ~.207+3C 8 -.i81+09 2 267800 10 -.3°3s00C

1L 24500400 6 377400 7 =.383+20 8 -.470+09 e .87140° o -.703e0L

11 «5L00400 & -.u10+00 7 -.523+30 B =e(F7+70 9 ~.a794, 1 10 =.9fuel
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x position i p@ ;@ i @ i P@® i P2
<0000 1 «0n0 2 «0NG 3 «Lne a Rl S <76
«5000-01 1 «221-01 2 »198-31 3 +128-01 4 «906-C73 5 -,1&4-01
»1000+00 1 #301-01 2 «256-01 3 «118-01 B -e117-0G1 S ~.477-21
«1500+00 1 «178-01 r4 «114-01 3 -.6"9-02 4 L ENS 5 =,397-21
«200G+00 1 -.179-01 2 =.256-01 3 -e492-01 u «297~01 5 -—.1u8+30
«2500+00 1 =-,770-01 2 -.B54-01 3 -.lll+Cn 4 —al5E+5r S =e220+0u
«3000+00 1 =-.156+00 2 =.le5+U0 3 ~.101+07 4 -.23540r 5 =-.3rCe00
+3500+00 1 -.250+400 2 =.258+0D 3 =e282+0n 4 =a3734.r0 S  -.393+0€C
«4000+00 1 —.348+0C 2 =.355+00 3 =.377eCr u W d13¢.T 5 —sqbbeD
«»4500+00 1 ~.441+00 ?  =.487+30 3 =.4BE+0N 4 -,u96+9n 5  =.538+0¢
«5000+00 1 -.515+00 2  =.321+00 3 ~.577+0C 4 =.564+50 5 =.5994+L.,
+~0Gno [ «0C0 7 SAung 8 «LNo 9 «nNee ic SLPD
+5400-01 & =-4395-01 T -e685-01 8 =-.103+D9 G =el82s50 17 -.l192+r0
«1500+00 6 -~.909-01 7 =.148+00 8 -.,215+00 e 2RI+ 10 =a352+0
«1500+00 6 =.154+00 7 =«236+00 8 ~=4334+40nN Q u4+o0 10 = 5T 7+00
«2000+00 & ~.228+00 7 -=+329+07 8 ml4SS5+L" ° -G R 1C =a77usy
«2500+00 6 ~.3C8+GC T =.423+400 8 =~ 570+07 9 WTRGHLD 160 =~ 9E82+0C,
+3000+00 6 -e389+00 T —eSPE4CN 8 -—etbbeln 9 «B75+ur 10 -.116+0)
«2500+00 & =.466+0C0 7 =.578+Cn 8 =.770+0n 9 U 10 =.174e91
«4LD0+00 e =+535+00 7  -=+0?28+00D 8  —.7%u+C0 < 932+00 10 -.120+01
«4500+00 6 =.592+G0 T ~«659+00 8 ~.742+0r 9 $85340T 16 -.1r2+01
«500G+0C & -—.040+0C T =.6R2+00 8 =,717+0Cn Q@ -.735+1" 10 -.721+060
x position j ey i o« j o i ey u ey
«GLOD 1 «257401 2 «267401 3 «296+01 4 «388+01 S PH7940]
. 5G00-U1 1 282401 2 «250G+01 3 27640 4 «321+01 5 304
«10600+00 1 «223+401 2 «27G+01 3 «2099+0 [ 282451 S L372491
«1500+0C 1 2202481 2 205401 3 2217401 4 «236+21 5 f2€240]
»2L00+40 1 L177+C1 2 W178+01 3 182401 4 136vul € 193491
« 2500400 1 lu9+01 2 148401 3 lugen) u 137971 5 J120Lem
«3u00+L0 1 «118+01 2 «116+01 3 «107+01 4 fBIZeLD S e591 1%
«3500+00 1 «B21400L ? «792407 3 «6TC+GA 4 el 3e,r 5 $775=01
«40N0+00 1 420400 2 +377+30 3 s24540m7 4 592-772 S —e3TLen
~4500+00 1 -.617-01 2 =.102+20 3 =.227400 4 -.447e7r 5 —a77BeL
+Su0C+00 1 -~.518+0C 2 =«654+00 3 = TR240N 4 =.%44a00 § =.120+C1
) 6 548+01 7 «771401 8 .970+0) 9 $133450 it 185402
«5000-01 3 48945 7 «629+01 8 «825+01 Q «110+37 10 C1Fuel2
»1000+C0 [} SU4DCHLY 7 2402401 8 «E134r 9 «T72401 lu «FFGrul
2 1500+00 6 «295+01 7 «332+401 a +369+01 < 396+ 1n AL Yl |
+2L00+00 & «1P7401 7 «172+01 3 +120+C1 9 «363+00 16 =.1F0+01
«250C+00 6 2 B8S4+LC 7 e 32700 8  -.6RB+D0 Q 2u24p) 10 -5E54N]
«3L00+0D & «923-01 T =.722+00 8 =.275+01 g 421+Mi1 10 =,7F,+01
3500400 6 -.506+00 7 -.129+01 R =a273+0) @ 47T7+01 10 -.7°%0+0]
«4L00+C0 6 -.9%0+00 7 -.l7u+21 8 ~,288401 ° Hu eyl 16 -.6%44n]
«4500+00 6  =.125+01 7 =«189+01 8 -.z72+m @ -.3T4eL] 1C -,475+7)
«SLNC*LO & =.155+01 7 =el07+01 8  -.chE+0 e =,3nfs01 1L =, 363+
X position j u(z) j uf? j i uf2) ] u@

« 0000 1 ~.802+LC 2 —.840+Q7 3 4 ~a117401 5 —.luysely
«5010-01 1 =.191+31 2 =.197+01 3 4 206+l &  —a0C1el}
+1.,00+00 1 ~.2P5+01 2 -.291+01 3 4 Juger ] 5 -
+15G0+G0 1 -.356+01 2 -.362+D0) 3 u 424+, s -
«2000+0C 1 -.400+C1) 2 =.an7s01 3 u 5 -
+2500+00 1 -.u418+01 2 =e424+01 3 u 5 -
»3L00+0C 1 =.4TE+01 2 -—e.4lu+D1 3 u 5 -
»3500+00 1 -.376+0) 2 =.3°1+01 3 u s -

S 4L00+CO 1 -.325+01 2 =e329+01 3 u 5 -
4500400 1 -.262+01 2 ~.266+01 3 4 5 -
+SLO0+00 1 -.194+01 T =.196401 3 u L

«CLOD 6 -.1964+01 7 -.265%0) 8 a i -
+5L00-01 € —e3634D) T =e470+01 2 9 1c -
»1060+00 6 —eHO3+T1Y T =e872+G1 8 ° N
«1500+00 6 =»576+01 7 ~e712+01 8 G =a172457 1 -
+»20L90+00 6 -.b612+01 7 -+1764+0D1 8 PlE+t REEELER & R X N -
«25N0+0D 6 =.673+01 7 =.7173+C1 A =.839+01 9 ~.lr2+p? c -
«»30L00+CO & =l 5&0+01 7 =«670+01 3 =.713+r1 7 -.302+01 c -
«3506G+00 6 —.493+(1 T =e536+01 & =.572+0% o =.581s+0) e -
CHLDOD*0D & -.41440131 7 439401 8 -.447+0 9 =.411+u1 16 -
«4500+C0 6 -.329+01 7 3u7+31 8 =~ 3u9+D% 9 -«316+U1 T =270
«SL0G+GO & =.241+01 T =a257401 B —.z70+r1 e =,277+01 10 -.272+0'1
x. position i + i ey i v i v i v
«ouno 1 =.159-L2 2 «1°0+00 3 «393+0" 4 621400 5 297640
«SL0G-UL 1 =e22%-02 4 « 340400 3 «721400 4 «117+401 5 «175+401
«1000+00 1 -.276=-02 2 +472+400 3 W97+ u «l61+01 9 02394051
«1500+00 1 =-.264-02 2 «Se4+00 3 eil8en 4 o 19Ceu? 5 «279+0 1
2000400 1 -.2r5-L2 2 2611400 3 «177401 4 «2N2441 S «2%3401
«2500+00 1 -.115-G2 2 «614+00 3 2127401 4 «199+L1 5 «293+101
«3L08+00 1 =-«179-G3 2 +5R0+GE 3 «i18+01 Y +123+51 5 « 255401
+3500+00 1 «662-03 ? «520+00 3 #105471 4 «159+C1 5 «217+u1
»u4u00+00 1 «120-02 ? «486+00 3 B BRT 4N o «133+01 5 «175+1]
+4500+00 1 «185-02 2 « 371407 3 «72840" u «106+31 5 +13%6+GC1
«SLO0+00 1 «149-02 2 «3r2430 3 f5a54T " 4 RLY-ENy 5 «17yen]
»0L00 6 +135+01 7 «1°7+01 8 «261401 Q «425+40) 1o 664401
+500G-01 6 +254+01 ? 2366401 8 «5314r1 © »TREALY ic «136+12
«1U00+00 [3 «3634G1 7 4R9+D1 8 699401 K4 101407 16 D1u94LQ
+«1500+C0 [ «305+01 7 +553401 8 «777401 9 «110497 10 sleUu+ll
»20L00+00 6 «407401 7 «558401 o 763401 Q 2105422 10 «1uT+G2
«2500+UD 3 «3R5+0) 7 2511401 8 «5672401 9 883401 10 «117402
+»3005+00 6 «337+01 7 s4%0+01 8 #»535+01 9 «650+L1 iC «T674C1
«3500+00 & «275+01 7 «333+01 8 +3RU401 e 412401 10 = 381401
«4G00+00 6 «212+01 7 «240+01 8 Js2uB8401 9 «216+01 10 «985+400
«4500+00 6 «157+01 7 «153+01 B +1u5401 e «857+G0 16 =~.485+0C
«5000+00 & +115+D1 7 +1N9+01 8 «785+00 e «179+00 10 -.9£81+00
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x position

«0000

«5000-01
«1000+00
+1500+00
»2000+00
»2500+00
«3000+00
«3500+00
»4G00+00
«4500+00
«5000+00
- 3000

«5000~01
»1000+00
« 1500400
«20D0+00
»2500+00
«3000+00
+3500+00
+» 4000400
«4500+00
+5000+00

T OO PO CCO OO O o o b bt bh o b s bt S

@
vz a
-.235-02
-.218-02
“e182-02
-.128-02
-.622-03
«496-04
.619-03
.101-02
$124-02
«138-02
14502
2289401
$279+01
4265401
£245+01
+220+01
©189+01
+155+01
.120+01
«901+00
+689+00
2611400

N0

+369+00
+355+00
+342+00
«329+00
«313+400
«292+00
+266+00
236400
«208+00
«190+00
«183400
2419401
«405+01
«381+01
«387401
«303+01
«250+01
«193+0D1
2138401
+918+00
+597+00
«HTT400
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Problem 4

Plane
pressure

wave —
[N

~
\,
!

0.5

f

)

¢, = 1x10%0

I)(()’ 37) =1

n=10

0000 (D 00 00 00 00 D 00 OO 0 L4 e Lt 06 L Ll U (A W W N e

V@

+790+00
«761+00
»731+00
«699+00
«658+00
«606400
+542+00
«473+00
«410+00
«367+00
+352+00
«607+01
+587+01
«548+01
«489+01
e11¢01
#+3214D1
2227401
s141+01
«720+00
270400
«10t6+00

0.071 - 0. 151 (upper)

(centerline)

VDO OV OGODPOONELFERNELEEERELD

@

«130+01
«126+01
«120+01
«114+01
«106+01
«963+00
«845+00
«719400
+605+00
+526+00
«498+00
«882+01
+853+01
«792+01
692401
«557+01
«400+01
+243+401
«108+01
«978-01
=«450+00
-«614400

-
[LRLNL R RLRLET FURT NURT

/@

«197+401%
«190+01
«182+01
«171401
«156+01
«139+01
+118+01
«969+00
«779+00
«646+00
+598+00
«129+02
+126+02
«116+402
+996+01
+759+01
+484+01
»213+01
-e693~01
=+142+01
=+187+01
=«lB2+01

51



The calculated values are
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-e926+00
+132402
926+00
—+185+01
+282+02
-«185+01

x position
.0000
.5u00-01
. 1000+00
+1500+00
.200G+40
+2500+30
«300G+00
«3500+L0
.4L00+00
+4500+00
£5000+00
. G0LOD
.5(09-01
«1u00+00
« 1500400
.2600+00
+25004G0
+3600+00
3500400
«4L004+00
£4500+00
.5000+00

X position
. 0000

«5000-01
«1000+60
£ 1500400
. 2000+L0
«250G+00
+3600+00
.« 3500400
S4UNG+G0
«4560+400
«5L00+00
. 0003

«5L00-G1
«1L00400
«1500+00
£2000+08
.2509400
+3L00+00
£ 35N0400
L4L00+02
S4E05+00
. 5LOG+CO

-+233+0C0
-.118+02
-e233+00
—465+00
-e195+C2
~.465+C0

[ e N . - R O

T QOGO OO OM O 1 1o s bt o b2 22 b bt b s e

~+1CC+C1
-«2C0+01
«000
-.1CC+C1
-+200+01
«C0OC

||
«100+01
«942+0C
«8U3+G0
«715+00
«572+4G0
«Uu1+00
+366+L0
«3RL+00
»466+08
«560+00
«622+00
«170+01
+932+00
2838400
«727+C0
+616+C0
«531+GC
«5N4+CO
«547+0C
«6384GC0
« 743400
832400

oD

«100+01
«934+00
«820+0C
«6R80+0G0
«5U2400
431400
«365+0C
«354+0C
«393+00
+467+00
«550+00
«170+01
«920+30
«8 71450
«720+0C
«615+D0
W529+4C0
CHISHLT
CUTRALO
«4914CT
539400
s622+L1

by

Ax =0.5

Ay = 0. 05556

Eg = 2.18

Ey

0.853 (x = 0.5)

AdB = -4.07234

+000
«J00
»CCO0
~e796+01
=+159+u2
«ugn

NN N ANSNNNNANNNNNNYNNRN NN S

NN NNNANNNNCGNNNNNN NN NN

[P|
«100+01
+501+00
843400
»714+00
+572+00
fHU3+017
+37u+00
«3R9+00
«473+400
«S6T+00
f6UU+TT
»10G+01
2932400
«845+00
«7E0+00
«662+0°9
«601+430
«2R9+00
635400
« 721407
»825+400
«924+00

(0

«1PG+G1
«934+30
«8270G+00
«69140C
«5u4+00
«413+00
« 362400
«357+060
«3%6+0D
«470430
553400
«1f0+01
«920+00
842400
« 709430
«662+27
«592+00
«5454+07
524400
«H33+C7
«57240C
+6U34C0

«385+01
-+291+02
»385+01
+385+01
~«310+02
+385+01

D0 DD DO D E NN N W N W W e

DD DD DD D DD D NN W W e

%

Bd

+155+72
«304-29
s164+72
27902
«leUen?

7|
2100+01
«ug+rn
w3U0+G0
«713+00
«573400
suug+cn
«38240C
wHu0D6+Q"
«492+00
+589+07
$663+00
«lP04C1
«933+070
«B60+0N
«790+00
«734+C0C
s TP3400
«708+00
« 753407
«630+07
«927+07
S103+01

oD

«1N0+C1
«933+CN
«8702407
N3ITLL
«570eN0
42407
«379+07
+367400
LI
«4T79+CN
«SE34CN
«17C+C1
0932+0N
«ESQe0T
« 750407
P A el
WER3IHLT
LR el
X A
$61Z407
617477
dLGE4rr

9

=e1l00+01 <000

+0n0

000

-.205+01 .qoc

-+10U+01

«ung

—e2Mu+01

DO 00V DODODOELEELEEELS £ £ v

OD00VOO00DOOCEEFEEERELEEL EE v

~.796+01
«CO0
=+159+02

||
»100+01
«937+00
+838+00
+71240C
«578+00
461400
«4NS+GC
436400
«526+00
«625+00
« 702400
«100+01
«936+00
+88 301
«348+L0
+833+GN
«841+00
+B70+0P
«918+L00
«981+L7
«1N6+01
«115+01

NE)

«10C+01
+931+020
«B21+40
«690+G0
«5h2440
459400
J307400
«3REsLC
uZ1e07
U493+ r
«579¢L0
«1MG+351
e92ZSelM
JBR240CT
X-TLEA
a822+7C
«911+L0
LADCeTIN
«7784LT
£ 73G4LP
WH5ESHLT
sbuBer

j

[LEURURT RURY LR NERY N )

- —
[N RURTRURU RV T RURC T R

bt b e et e
uonrcoocoooo0n

—e926+C0
2169402

~e32€+00
Mlajely
«030
«non

7]
«10P0+01
«935+400
+836400
«716+0C
«590+0C
«4RT+0C
sHUH00
W4R2+40C
+57440LC
676400
«758+0D
«100+01
«SUD+00
+910+00
«916+00
2956400
«102+01
«179+C1
«116+01
«1721+01
+125+01
«125+01

B0

«100+01
2930400
«824400
«7N1+00
«583+400
C4R74['C
423400
ctl4400
s4USeCO
«S13400L
600400
«17C+C1
«937+00
«S74+00
D AN LAY
939470
9P BN
«102431
2102+3]
W9E2400G
«310+C0L
67340 L

ek

«233+00
-«327+01
«233+00
«000
901

» 000




i x position i p(z) j p(z) j p(z) j p(z) j p(2)
1 «CG00 1 «0no 2 +0"0 3 «00C 4 «one 5 000
2 «5L00-01 1 »120+00 2 »118+00 3 «11340n0 4 103420 5 «372-31
3 »1000+00 1 «199+400D 2 «195+400 3 «184s+00 u $16640C s «l81+00L
4 »1500+00 1 2221460 2 «216+00 3 «ZM1+Cr 4 «177+30 5 2 1u24010)
5 «2L00+00 1 »184+00 2 »178+00 3 =161+0G0 a «1334CR0 S «335-U1
® «2500+00 1 +960-01 2 «699-01 3 .719-C1) 4 422-01 s 1€5-52
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X position i v(2) j v(z) I V(Z) b] v(z) j . v(2>

.0600 1 =.258-02 2 «4u5+00 3 «950+00 u «156+01 S «235+01
«5CcD0-01 1 =e177-D2 2 «362+00 3 «772+0C 4 «127+01 5 «191+01
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.2500+00 1 «218-02 2 =~.113+00 3 ~.243+00 4 =.393+u0 S =.596+00
«3000+00 1 «222-02 2 =.223+00 3 =.u7T0+00 4 =,748+3C 5 -.110+01
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«40600+00 1 +899-03 2 =.u401+00 3 =-.820+00 4 127401 S =-.1768+01
«4500+00D 1 +9R8-04 2  =.466+00 3 =.545+0D0 4 145+01 5 =.199+01
«5000+00 1 -.350-D3 2 -~ 514430 3 -.104+01 4 -.158+01 5 -.215+01
20000 6 «3492+01 7 492401 8 »708+01 9 «+102+02 10 «15G+02
«5C00-01 [ «277+401 7 «396+401 8 +564+01 9 «806+01 10 e116402
+1000+00 6 «189+01 7 «265+01 8 +367+01 9 «504401 10 2694401
«1500+G0 6 «512+0C0 T «119+01 8 «146+01 9 10 «163+401
«2000+00 6 =4558-01 7 =.229+0D0 8 9 10 =-.328+01
+2500+00 6 =.907+00 7 =e143+D1 8 14 10 -.688+01
+3000+00 & =+158+01 7  =+229+D1 8 9 10 =-.858+01
« 3503400 6 -—e205+01 T =e282+01 8 9 10 -.837+0)
«4u00+00 6 —e237+401 7 ~-«309+01 8 9 10 -.683+01
+4500+00 6 =.258+401 7 =e323401 8 =.391+01 9 180 -.499+01
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TABLE I. - COEFFICIENTS IN DIFFERENCE EQUATION (EQ.

(54))

Cell Matrix element
index,
k N by C dy €y
2
2 2 2 K. (A 2 2
1 -Kl(—A-X> + K, 4n” -1 2 1+K1(él> ) -1 -Kl(ﬂ> - K, L8n)°
AX 2 AX AX 2 AX 2 AX
2 a; + Wy A - ow, &Y -2 ¢y - 2W, Ay + 4w, 2L 0 ey - Wy Y - gw, AV
AX (AX)Z (AX)2 AX (AX)Z
3 ag 0 Cqy -2 e2
2 2
XKL K3 ay° KL, 2K)Ly(ay) 2K, L
4 2@11 1 ¢y + - - 0
AX Ax AX AX AX
A A A A
5 ay + 4K1L2N2—-y—2 + 2N, ZX 2, ¢4 - 2Ny Ay - 2N, ay. 4K LoNy Ly 0 0
X AX AX
(ax)
- 4K, L.N.-2Y
1~2MN2 P
(Ax)
6 ag 0 Cg b5 0




TABLE IL. - SUMMARY OF OPTIMIZATION

RESULTS (REF. 9)

[Length-height ratio, I*/H*, 3.43; Mach —— a—
number, M, 0.3; plane-wave source.] Envelope
Re(p) A —Pressure
oS lem grid points /4 envelo
Dimensionless | Specific Sound 232 - - . pe
frequency, acoustic attenuation, § g 0 | N
il impedance, A dB, é%’, N/ N/ ____>
Es N0/ e
S dB 58 qL——"7 | | 1 | |
0 .5 1.0 L5 2.0 2.5 3.0
0.5 0.31-0.11 70.6 Dimensionless axial coordinate, x
1.0 .65 - .51 39. 2 Figure 1. - Typical pressure profile for sound propagation in
1.535 .85-1.01 22.6 two-dirqensiopal, soft-wall duct. Dime‘nsionless frequency,
2.0 90 -1.41 14.3 7. 1; dimensionless duct length, L*/H", 3.
5.0 .85-2.451 4.0
10.0 1.40 - 3.6 i 2.30
Hard wall
Plane
pressure
wave —__

7t -0l

L0 0
.9 1
8 .2

Real part of acoustic pressure, féetpm)

_'2.._
7 .3
-4 —
- 66—
-. 8 .6 4
-1.0 [ { | L .5
0 .2 .4 .6 .8 1.0

Dimensionless axial coordinate, x

Figure 2. - Sensitivity of real pressure component p(l) to choice of wave enve-
lope of frequency " for two-dimensional hard-wall duct. Dimensionless
frequency, », 1; dimensionless duct length, L'/H" = 3.
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_*L 1

Maximum sound power attenuation, AdB, dB

100
80
60

I IIIIIII|

Symbols denote analytical solution of Rice (unpublished)
Lines denote numerical calculation with n =10 and m = 10

Dimensionless
frequency,
n

| l | | | | |
1 2 3 4 5 6 7
Dimensionless duct length, L*/H*

Figure 3. - Effect of axial duct length and dimensionless frequency
on attenuation at optimum impedance in two-dimensional, soft-
wall duct assuming that wave envelope frequency nt equals .
(From ref, 4.)
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Exit plane— _
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/;d%/l// / 0%
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Z Initial-con
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Figure 4. - Coordinate and grid-point representation of two-dimensional, soft-wall duct.
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Plane
pressure
wave
P=1—._

Initial-
condition

grid points
!

////////////////////////
/‘////// Specific acoustic impedance, Z/M/
& 1(1/&/.//1//////.[‘/////
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Figure 5. - Illustrative example of soft-wall duct with total number of grid rows m of 4 and total number of

grid columns n of 5.

Real amplitude

Dlmensuonless axial coordlnate, X

{b) Wave envelope solution.

Figure 6. - Typical pressure profiles for sound propagation in two-
dimensional, soft-wall duct for dimensionless frequency n of 1,
dimensionless duct length L* H* of 3, and Mach number M

of 0.5.
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Momentum equation, Momentum equation,

eq. (12) of ref. 3 eq. (74) of this report
————— Boundary condition, —~——~— Boundary condition,
eq. (34) of ref, 3 eq. (28) of this report

)

Plane

12— pressure

wave ~_
N

Real part of transverse velocity v at upper wall

1
1 ! | | [ [ |
0 .25 .50 0 .25 .50
Axial position along upper wall, x#/ H*

(a) Exit condition of reference 3. Sound attenuation, (b) Exit condition of this report. Sound attenuation,
AdB, 6.1 decibels. AdB, 3.4 decibels.

Figure 7. - Comparison of dimensionless transverse acoustic particle velocity v at wall as calculated from momen-
tum equation and impedance condition. Dimensioniess frequency, 7, 0.6; dimensionless duct length, L*/H*,
0.5; Mach number, M, 0.5; specific acoustic impedance, , 0.071 - i 0. 151.

Dimensionless
duct length,
L*IH*
_— 3.43
w - 6.86
soF Symbols denote analytic
:Q solution (table X1l of ref. 9)

60— Lines denote numerical cal-
[ culations for which m = 20,
o 400 n=30and n%-1
3
s r : —L*IH¥ =343 - —=y
5
2 20— W z
5 opt
E /. A/// |
5 ! |
2 10— N - -
= [ “—Plane pressure wave
S 8—
S L
E  6—
=]
E -
& 4l
=

2 I I l |

0 2 4 6 8 10

Dimensionless frequency, 1

Figure 8. - Effect of dimensionless frequency on attenuation at
optimum impedance in two-dimensional soft-wall duct. Dim-
ensionless duct length, L*/H*, 3.43; Mach number, M, 0.3.
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